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Introduction

Introduction

In this module, we introduce methods for describing
continuous-time survival data.

Recall that, when we discussed probability theory in Psychology
310, we saw that there was a key distinction between discrete
and continuous probability, necessitated by the fact that any
range of values on the number line can be broken up into
infinitely many intervals, and that any of those intervals can, in
turn, be broken into infinitely many sub-intervals.
Consequently, while we can define the probability of the event
X =1 in discrete probability theory, in general we cannot in
continuous probability. The probability of any numerical value
is infinitesimally small.

It turns out that a similar distinction holds in survival analysis,
so our notion of hazard is different in continuous-time survival
analysis from the simple and very convenient notion of a
conditional probability that worked so nicely for us in the
discrete-time framework.
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Introduction

Introduction

We begin our discussion by emphasizing the similarities
between the new, continuous time framework, and the
discrete-time framework we’ve worked in so far.

Then we shall examine the key mathematical differences, the
difficulties created by these differences, and the mathematical
approaches used to circumvent these difficulties.
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A Basic Framework for Continuous-Time Event Data

rd Function
] Function

Introduction

In a sense, all time recording is discrete. The question is a
matter of degree. If the recording is sufficiently fine-grained, we
tend to think of it as continuous, even though, in a formal
sense, it really isn’t.

No matter how fine-grained our recording of time is, we can
always “discretize” the data by breaking the time continuum
into intervals.

Moreover, as we’ve already seen, discrete-time survival analysis
methods offer definitions of hazard and survival functions that
are intuitively straightforward and easily related to our previous
studies in regression and probability theory.

Therefore, the question naturally arises: “Why not simply use
discrete-time methods with fine-grained data.”
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Introduction

The answer is that continuous (or nearly continuous) data
contain a richer store of information than discrete data, and
“discretizing” the data throws some of that information away.
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A Basic Framework for Continuous-Time Event Data

Salient Features

Since time is infinitely divisible, the distribution of event times
displays two key properties:

@ The probability of observing any exact event time is
infinitesimally small

© The probability that two individuals will have a truly
identical event time is also infinitesimally small
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An Illustrative Data Set

To illustrate some of the key differences between discrete and
continuous survival data, S&W present data from a study by
Diekmann, Jungbauer-Gans, Krassnig, & Lorenz (1996). In this
study, motorists were blocked at a busy intersection in Munich,
Germany, and the time until they honked their horn was
measured to the nearest .01 second.
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The Hazard Function

Let T stand for the time the event of interest occurs.

In the general continuous case the hazard function, h(t;), is
defined as

 Pr(t<T<t+At|T>t)
h(tj):AliIEo At

(1)

To decipher this expression, look inside the limit. The
numerator is the conditional probability that the event occurs
in the interval between T =t and T = t + At, given that it did
not occur earlier. By dividing this probability by At, we
transform it to a rate. By taking the limit as the width of the
interval (i.e., At) becomes infinitesimally small, we are
calculating the instantaneous rate at which the event occurs at
a given time. The hazard function in the continuous case is
never negative, and, unlike the discrete case, is not bounded
above by 1. It can vary from 0 to infinity.
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The Survival Function

The survival function (or “survivor” function, as some authors
refer to it) S(¢;) is defined as that an individual will survive
beyond time t;. Formally, if T' is the survival time,

S(tj) = PI“(T > tj) (2)

Note the essential equivalence of this definition with its
discrete-time counterpart.
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Introduction

Estimation of the hazard and survival functions in
continuous-time survival analysis begins with a life table similar
to the one we employed in discrete-time survival analysis.

This table is based on the simple notion of constructing
intervals, and collecting events (and censored observations) that
occur in those intervals.

For example, Table 13.2 on page 477 of S&W breaks the 18
second interval during which the events occurred into 9 intervals
(the first of which had no events). The first 8 intervals are 1
second long, and the last interval is 10 seconds long.
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Constructing a Grouped Life Table

Once the intervals have been determined, events are tabulated,
and an event conditional probability (corresponding to what we
called the hazard probability in the discrete-time case) is
tabulated. This is defined as
p(t) =

n events;
— (3)
n at risk;

The code on the next slide computes these probabilities for the
selected intervals and displays the first 5 columns of Table 13.2
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Grouped Methods for Estimation

Constructing a Grouped Life Tab

honk<-read.table("honking.csv", sep=",", header=T)
interval<- rep(dim(honk) [1], 0)
for (i in 1:dim(honk) [1]){
interval[i] = min(floor (honk$SECONDS[i]), 8)}
int.event <- rep(0, 8)
int.censor <- rep(0, 8)
for (i in 1:dim(honk) [1]){
int <- intervall[i]
if (honk$CENSOR[i] == 0) int.event[int] <- int.event[int]+1
if (honk$CENSOR[i] == 1) int.censor[int] <- int.censor[int] + 1}
interval <- c(1:8)
interval.end <- c(2:8, 18)
interval.w <- interval.end - interval
int.risk <- c(67, rep(0, 7))
for (i in 2:8){
int.risk[i] <- int.risk[i-1] - (int.event[i-1] + int.cemsor[i-1])}
phat = (int.event/int.risk)
int.table <- cbind(interval, interval.end, int.risk, int.event,
int.censor, phat)




Grouped Methods for Estimation

A Grouped Life Table

Here is the table.

> int.table

interval interval.end int.risk int.event int.censor phat
[1,] 1 2 57 5 1 .0.08772
[2,] 2 3 51 14 3 0.27451
[3,] 3 4 34 9 2 0.26471
[4,] 4 5 23 6 4 0.26087
[5,] 5 6 13 2 2 0.15385
[6,] 6 7 9 2 2 0.22222
[7,] 7 8 5 1 0 0.20000
[8,1] 8 18 4 3 1 0.75000
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The Discrete-Time Survival Function Estimate

The discrete-time method is very straightforward, and
essentially parallels the approach taken with discrete-time data.
The survival function is estimates using a product-limit
approach, i.e., S(ty) =1, and, for j = 1,...,.J, we use the
recursive formula

S(t) = S(tj—1) x (1 - p(t)) (4)
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The Discrete-Time Hazard Function Estimate

The estimated hazard function values using the simple
discrete-time approach are obtained by converting the
conditional probability estimates to rates by dividing by the
interval width, i.e.,

ht) = figi}zj (5)
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Grouped Methods for Estimation

Calculating the Estimates

The following code computes the discrete-estimates and adds
them to the table.

discrete.h = (phat/interval.w)

discrete.s <- c(1-discrete.h[1], rep(0, 7))

for (i in 2:8){
discrete.s[i] <- (1 - phat[i])*discrete.s[i-1]
}

int.table <- cbind(int.table,discrete.h,discrete.s)

vV + + V VvV V
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Grouped Methods for Estimation

Here is the augmented table.

> int.table

interval interval.end int.risk int.event int.censor phat discrete.h
[1,1 1 2 57 5 1 0.08772 0.08772
[2,] 2 3 51 14 3 0.27451 0.27451
[3,1 3 4 34 9 2 0.26471 0.26471
[4,] 4 5 23 6 4 0.26087 0.26087
5,1 5 6 13 2 2 0.15385 0.15385
[6,1 6 7 9 2 2 0.22222 0.22222
[7,1 7 8 5 1 0 0.20000 0.20000
8,1 8 18 4 3 1 0.75000 0.07500
discrete.s
[1,1 0.91228
[2,1 0.66185
[3,1 0.48665
[4,] 0.35970
5,1 0.30436
6,1 0.23673
[7,1 0.18938
8,1 0.04735
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The Actuarial Method for the Survivor Function

The Actuarial Method works very similarly to the discrete-time
method, except that the actuarial method “corrects for
continuity” by assuming that events and censoring are equally
likely to occur anywhere in the interval in which they occurred.
The number at risk is redefined in terms of what it means to be
“at risk for surviving.” Once an individual is censored, that
individual is no longer at risk to survive. Consequently, the
mean number at risk for an interval can be estimated for the
survivor function as

n censored;

: ®)

n at 1 =n at risk; —

The actuarial estimates of the survivor function are obtained
using the same formula as the discrete-time method, except
substituting n’ at risk; for n at risk;. That is, S(ty) = 1, and,

forj=1,...,J,
S(t) = g(f’yfl) x (1= p(t))

2 n events,
= S(tj_) x (1 - —L
(‘7 1) n' at risk;
2 n events;

= 8t ) x(1—

n at risk; — n censored; /2
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The Actuarial Method for the Hazard Fun

When redefining the number “at risk” in an interval with
respect to the hazard function, we need to correct, not just for
censoring, but for event occurrence itself, since once an event
occurs, the risk set for future occurrences is reduced. So, in
computing the estimated hazard function via the actuarial
method, we use the redefined risk set formula

n censored;  n events;

n” at risk; = n at risk; — 5 — 5 (8)

The estimated hazard function is now

N
gy P (tj)
h (t]) widthj

It sk
n events;/n” at risk;

widthj
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The Actuarial Method

Here is some R code to compute the actuarial estimates and
add them to the previous table:

actuarial.s <- c((1-5/(57-1/2)), rep(0,7))

for (i in 2:8){

actuarial.h = (int.event/(int.risk - (int.censor/2) -
(int.event/2)))/interval.w

actuarial.s[i] <- actuarial.s[i-1]*(1-int.event[i]/(int.risk[i] -
int.censor[i]/2))

}

int.table <- cbind(int.table,actuarial.h,actuarial.s)

V o+ + + + + VvV V
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Here is the updated table:

> int.table

[1,]
[2,]
[3,]
[4,]
[5,]
[6,]
[7,]
[s,]

[1,]
[2,]
[3,]
[4,]
[5,]
[6,]
[7,]
[8,]

interval interval.end

0.

Introduction
Constructir
The Discrete

The Actuarial Method

int.risk int.event int.censor

1 2 57

2 3 51

3 4 34

4 5 23

5 6 13

6 7 9

7 8 5

8 18 4
discrete.s actuarial.h actuarial.s
91228 0.0926 0.91150
66185 0.3294 0.65371
48665 0.3158 0.47542
35970 0.3333 0.33959
30436 0.1818 0.28299
23673 0.2857 0.21224
18938 0.2222 0.16979
04735 0.1500 0.02426

o oo oooo

5
14

W R NN O ©

B O NNBN W
OO0 o000 ooo

» Grouped Life Table

me

Method

phat discrete.h

08772
27451
26471
26087
15385
22222
20000
75000

0.

O oo o ooo

08772
.27451
.26471
.26087
.15385
.22222
.20000
.07500
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Graphical Comparison of the Two Methods

Here is come code for creating graphs of the survivor and
hazard functions created by the two methods. Note that the
hazard functions are step functions, and are plotted that way.

v

attach(data.frame(int.table))

par (mfrow=c(2,2))
plot(c(0, interval.end), c(1,discrete.s), type = "1",
xlim = c(0, 20), ylim = c(0,1),ylab = "Discrete Survival",
xlab = "Seconds after light turns green")
s.hat.steps <- stepfun(interval, c(1, actuarial.s))
plot(s.hat.steps, do.points = FALSE, xlim = c(0, 20),
ylab = "Actuarial Survival",
xlab = "Seconds after light turns green", main = "")

plot(interval.end, discrete.h, type = "1",
xlim = c(0, 20), ylim = c(0, .35),ylab = "Discrete Hazard",
xlab = "Seconds after light turns green")
h.hat.steps <- stepfun(interval, c(NA, actuarial.h))
plot(h.hat.steps, do.points = FALSE, xlim = c(0, 20),
ylim = c(0, .35), ylab = "Actuarial Hazard",
xlab = "Seconds after light turns green", main = "")

+ + VV++V+E VYV E A+ VY




- . . . Introduction
Grouped Methods for Estimation Constructing a Grouped Life Table
The Discrete-Time Method

1

The Actuarial Met

Graphical Comparison of the Two Methods

P o
g K]
i ° 3 <7
8 =
g 3 g 34
g 2
= o
< T T T T T © T T T T T
o s 10 15 2 0 5 10 15 20
Seconds after light turns green Seconds after light turns green
g 8
ie §e
I 57 I s
8 =
s g 2 2
°© T T T T T © T T T T T
o s 10 15 2 0 5 10 15 20

Seconds after light turns green Seconds after light turns green




The Kaplan-Meier Method

Introduction

A fundamental problem with methods based on dividing the
time line into discrete intervals is that information is discarded.

The Kaplan-Meier method circumvents the “discretization” of
the data by a clever employment of the product-limit formula.
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The Kaplan-Meier Method

Single-Unit Intervals

The Kaplan-Meier method, in practice, works very much like
the discrete-time methods we’ve been using so far. However,
there is a fundamental difference—instead of rounding times,
each event constitutes its own interval. Consequently, each
“interval” contains just one event time (unless there are ties,
which should virtually never occur). Each interval on the time
line begins at one observed event time, and ends just before the
next. The first interval is arbitrarily defined to begin at time 0
and end just before the first event (and, of course, contains no
events).

Once the Kaplan-Meier intervals are constructed, the hazard
and survivor functions are constructed via the discrete-time
method
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The Kaplan-Meier Method

Kaplan-Meier Computations

Table 13.3 in S&W gives Kaplan-Meier computations for the
honking data. This table has some minor errors (numbering of
intervals is off ), and, unfortunately, the code on the UCLA
website (at least for now) does not work with more recent
versions of R, with the updated survival package. Even when
it did work, it did not include or properly label the start time
and end time columns, nor did it number the intervals starting
from zero. Here is some code for performing the calculations.
This code works with R 2.10.1.
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Kaplan-Meier Computations

+

+ o+

VVVVVVVVVYVY o+
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library(survival)

## Note, UCLA code will not work with latest versions of R, which need "~1"
t13.3 <-summary( survfit(Surv(honk$SECONDS, abs(honk$CENSOR - 1))~1))

## survfit has dome much of the work for us

## Ve extract the appropriate colum
SOR variable!

## Note, we had to reverse the C
s.hat <- t13.3[1]1[[1]]

time <- t13.3[2][[1]]

t13.3[3]1 [[1]]
t13.3[4] [[1]]

## Next line has changed from UCLA code

s.hat <- t13.3$std.err

n.censored <- width <- p.hat <- rep(0, length(t13.3[[1]11))
for (i in 1:(length(t13.3[[111))){

p.hat[i] <- n.events[i] / n.atrisk[i]

if (i < (length(t13.3[[1]11))){

n.censored[i] <- (n.atrisk(i]-n.atrisk[i+1]) - n.events[i]
width[i] <- time[i+1] - time[il}

if (i == (length(t13.3[[111))){
ored[i] <- (n.atrisk[i]-

h.hat <- p.hat/width

## Note, here I patch the UCLA code to add the missing rows and columns

t.start <- time

J <~ length(t.start)

t.end <- 0

for(i in 1:J-1) t.end[i] <- t.start[i+1]

t.end[J]=Inf

tab13.3 <- cbind(t.start,t.end,n.atrisk,n.events,n.censored,p.hat,s.hat,se.s.hat,width,h.hat)

row.0 <- matrix(c(0,t.start[1],n.atrisk([1],0,0,NA,1,NA,NA,NA),1,10)
tab13.3 <~ rbind(row.0,tab13.3)
row.names (tab13.3) <- 0:J




The Kaplan-Meier Method

Kaplan-Meier Computations

Here s the table

(digits=3,vidthe100)

B t.end n.atrick n.events n.cen width
o 1.4 57 o 1 N
1 181 57 1 0.0175 0 0.10 0.
2 et 58 1 0.0182 0 0.16 0.
3 1.68 54 1 00.0185 0 0.01 1
a 186 5 1 00.0189 0 0.18 0
5 2.12 52 1 00.0192 0 0.26 0
6 2.19 51 1 00.0196 0 0.07 0
7 s 50 1 10.0200 0 0.29 0.
s 2.50 a8 1 00.0208 0 0
9 250 2.5 7 1 00.0213 0 0
10 2.5 2.5 a6 1 00.0217 0 0
1 258 2.5 a5 1 00.0222 0
12 2.5 2.62 W 1 00.0227 0
13 2062 2.68 a 1 00.0233 0
1 268 2.83 2 1 20.0238 0 °
15 283 2.88 39 1 0 0.0256 0 °
1 288 2 3 1 0 o °
7 289 2 a7 1 0 o °
18 292 2 36 1 0 o °
19 298 3 3 1 1 o °
20 314 3 3 1 0 o °
21 37 3 2 1 o o
2 321 32 3 1 00,0323 0.5 o
2 a2 a2 20 1 0.5 °
2 324 3.56 2 1 o o
2 356 3.5 a1 1 o o
26 357 3.5 2% 1 0 o °
27 ase a7 2 1 0 o 0.2
28 378 4.10 2 1 1 o °
29 410 4.1 2 1 0 0 °
30 48 4.4 21 1 1 0 0.2
a4 19 1 0 0 °
2 4 1 1 0 o
3 asm 7 1 0 0
3 4 s 1 1 0 0
5 1 0 0 0
5 1 1 0 0
5 1 1 0 0
5 1 1 0 0
7 1 0 0 2
s 1 0 0 2
2 1 0 o o
3 1 1 o
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The Kaplan-Meier Method

Graphing Kaplan-Meier Estimates

Here is some code for graphing the Kaplan-Meier survivor
function estimates, and comparing them with their actuarial
and discrete-time counterparts. I left out the first panel in
Figure 13.2 in the book, since its information is repeated in the
second panel.

par (mfrow=c(1,1))
s.hat.steps <- stepfun(time, c(1, s.hat))
plot(s.hat.steps, do.points = FALSE, xlim = c(0, 20),
ylim = ¢(0,1), ylab = "Estimated Survival",
xlab = "Seconds after light turns green",
main = "",col="red")

##Then we overlay the actuarial and discrete-time survival
##estimates using the imposed intervals from Table 13.2.
points(c(1, interval.end), c(1, discrete.s),

type = "1", 1ty = 2)

s.hat.actuarial <- stepfun(c(interval, 18),

c(1, actuarial.s, 0.02425622))
lines(s.hat.actuarial , do.points = FALSE, 1ty = 3)
legend("topright", c("Kaplan-Meier", "Discrete Time",
"Actuarial"),lty = c(1, 2, 3),col=c("red","black","black"))

+ VV +V +VVV++ 4+ VVYV
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Graphing Kaplan-Meier Estimates
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The Cumulative Hazard Function

The fact that hazard is a probability in discrete-time survival
analysis and an instantaneous rate in continuous-time survival
analysis is a major point of differentiation between the two
methods, and creates challenges in estimation in the continuous
case. For one thing, as the text points out, since each interval
has only one observation, the interval widths used in computing
estimated hazard values vary widely, and so the hazard values
are quite erratic. Consequently, these estimates are seldom
provided by standard packages. To circumvent this difficulty, we
deal with the cumulative hazard function H(t;), which is the
cumulation of the instantaneous hazards from #y to ¢;.
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The Meaning of Cumulative Hazard

Technically, of course H(t;) = tzl h(x)dz. So the hazard at t; is
the derivative of H(t;), that is, the slope of the cumlative
hazard function at ¢;. This simple fact leads to some obvious
conclusions, which S&W explore graphically in great detail in
section 13.4.1 of their text. You should study that section, with

the associated graphs, and be sure it makes sense to you.
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The Meaning of Cumulative Hazard
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A: Constant hazard B: Increasing hazard C: Decreasing hazard D: Increasing &
decreasing hazard
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Figure 13.3. Population hazard functions and cumulative hazard functions reflecting four
different profiles of risk over time. Panel A: constant hazard. Panel B: increasing hazard
Panel G: decreasing hazard. Panel D: nonmonotonic hazard.
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The Nelson-Aalen Method

The Nelson-Aalen estimator of cumulative hazard at ¢; sums up
interval-specific estimates of total hazard for all intervals up to
and including j. The total hazard for interval i is

hKM( ) X width,;.

Describing Continuous-Time Event Occurrence Data
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The Negative Log Survivor-Function Method

The negative log method exploits a well-known relationship
between the cumulative hazard and survivor functions.
Specifically, H(t;) = —In S(t;). The negative log
survivor-function estimates are obtained by applying the above
equation directly to the Kaplan-Meier estimates of the survivor
function.
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Plotting Estimates of the Cumulative Hazard Funct

Here is some code for replicating the upper panel of Figure 13.4
in the S&W text. This panel shows the negative log survivor
and Nelson-Aalen estimates of the cumulative hazard function
on the same graph.

lines(NA.steps, do.points = FALSE, 1ty =2, xlim = c(0,20))
legend("bottomright", c("Negative Log Survival", "Nelson-Aalen"),
1ty = c(1, 2),col=c("red","black"))

> nl.s <- -log(s.hat)

> nls.steps <- stepfun(time, c(0, nl.s))

> NA.est <- c(0, rep(0, length(s.hat)))

> for (i in 2:length(NA.est)){

+ NA.est[i] <- NA.est[i-1]+p.hat[i-1]}

> NA.steps <- stepfun(time, NA.est)

> par(mfrow=c(1,1))

> plot(nls.steps, do.points = FALSE, xlim = c(0, 20), ylim = ¢(0,3.5),
+ ylab = "Cumulative Hazard", xlab = "Seconds after light turns green",
+ main = "",col="red")

>

>

+
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Kernel-Smoothed Estimates of the Hazard Function

Estimating the Hazard Function

So far, we’ve talked about estimation of the cumulative hazard
function. Estimation of the hazard function itself is somewhat
more challenging.

Since hazard is the slope of the cumulative hazard function, one
way to obtain crude estimates of the hazard at any point is to
take the difference between cumulative hazard values and use
them to estimate the slope of the cumulative hazard function at
that time.

These estimates will be crude and quite variable, so we might
smooth them by taking an average of their values over a window
ranging around the time of interest. The larger the window, the
smoother the resulting estimated graph will tend to be.

Choice of an interval width, much like the choice of a bin width
in histogram construction, is an art as well as a science. You
should experiment with several widths.

James H. Describing Continuous-Time Event Occurrence Data
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Kernel Smoothed Estimate

Here is some R code for generating and graphing
kernel-smoothed estimate

> smooth<- function(width, time, survive){
+ n=length(time)
+  lo=time[1] + width
+ hi=time[n] - width
+  npt=50
+  inc=(hi-1o)/npt
+  s=lot+t(c(1:npt))*inc
+ slag = c(1, survive[1:n-11)
+ h=1-survive/slag
+ x1 = as.vector(rep(1, npt))%*%(t(time))
+  x2 = t(s)Y*%as.vector(rep(1,n))
+  x = (x1 - x2) / width
+  k=.75%(1-x*x) * (abs (x)<=1)
+  lambda=(k%*%h)/width
+  smoothed= list(x = s, y = lambda)
return(smoothed)
}
par (mfrow=c(3,1))
bwl <- smooth(1, time, s.hat)
plot (bwi$x, bwi$y, type = "1", xlim = c(0, 20), ylim = c(0, .4),
xlab = "Seconds after light turns green", = "Smoothed hazard")
bw2 <- smooth(2, time, s.hat)

plot (bw2$x, bw2$y, type = "1", xlim = c(0, 20), ylim = c(0, .4),
xlab = "Seconds after light turns green", ylab = "Smoothed hazard")

bw3 <- smooth(3, time, s.hat)

plot (bw3$x, bwd$y, type = "1", xlim = c(0, 20), ylim = c(0, .4),
xlab = "Seconds after light turns green", ylab = "Smoothed hazard")
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Kernel Smoothed Estimates
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Putting it All Together

Putting it All Together

In the final section of Chapter 13, Singer & Willett present
several examples and urge you to consider them carefully to
develop your intuitions about survivor, cumulative hazard, and
kernel-smoothed hazard functions.
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Time to Relapse among Alcoholics
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Time to Retirement among Supreme Court Judges
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Age at First Depressive Episode
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Putting it All Together

Employment Duration among Health Care Workers
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